Electrons in certain two-dimensional crystals possess a pseudospin degree of freedom associated with the existence of two inequivalent valleys in the Brillouin zone. If, as in monolayer MoS2, inversion symmetry is broken and time-reversal symmetry is present, equal and opposite amounts of k-space Berry curvature accumulate in each of the two valleys. This is conveniently quantified by the integral of the Berry curvature over a single valley -the valley Hall conductivity. We generalize this definition to include contributions from disorder described with the supercell approach, by mapping ("unfolding") the Berry curvature from the folded Brillouin zone of the disordered supercell onto the normal Brillouin zone of the pristine crystal, and then averaging over several realizations of disorder. We use this scheme to study from first-principles the effect of sulfur vacancies on the valley Hall conductivity of monolayer MoS2. In dirty samples the intrinsic valley Hall conductivity receives gating-dependent corrections that are only weakly dependent on the impurity concentration, consistent with side-jump scattering and the unfolded Berry curvature can be interpreted as a kspace resolved side-jump. At low impurity concentrations skew scattering dominates, leading to a divergent valley Hall conductivity in the clean limit. The implications for the recently-observed photoinduced anomalous Hall effect are discussed.
I. INTRODUCTION
Monolayers of MoS 2 and related transition-metal dichalcogenides (TMDs) have recently become the subject of intense investigation, due in part to the possibility of manipulating the so-called "valley" degree of freedom.
1 These materials have the symmetry of a honeycomb structure with a staggered sublattice, thus lacking an inversion center. The bandstructure exhibits a direct gap at the two inequivalent valleys centered at the highsymmetry points K and K = −K in the Brillouin zone (see Fig. 1 ), where the topmost valence bands are are primarily composed of transition-metal d states.
2 Timereversal symmetry, which takes k into −k and therefore maps one valley onto the other, dictates that states in a given band at K and K carry antiparallel angular momenta. This inspired Xiao et al. to propose using circularly-polarized light as a means of selectively exciting carriers from a particular valley. 3, 4 The effect was rapidly confirmed experimentally, by demonstrating that excitation with circularly-polarized light results in polarized fluorescence.
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The broken inversion symmetry in monolayer MoS 2 induces a nonzero Berry curvature on the Bloch bands (in contrast, the Berry curvature vanishes identically for bilayer and bulk MoS 2 , both of which are centrosymmetric). The Berry curvature is defined in terms of the cell-periodic Bloch states as Ω n,xy (k) = −2Im n ∂ kx u nk |∂ ky u nk ,
and it modifies the current response to an applied electric field by adding an "anomalous velocity" term to the semiclassical equations of motion. 8 A well-known consequence is the anomalous Hall effect (AHE) in magnetic materials, where the Berry curvature is induced by broken time-reversal symmetry. The intrinsic, part of the anomalous Hall conductivity (AHC) is given by the Brillouin zone (BZ) integral of the Berry curvature summed over the occupied states, 8, 9 Ω xy (k) = n f nk Ω n,xy (k) (2)
where f nk is the occupation factor and d is the dimensionality. Here, the superscript 0 denoted that it is the intrinsic part of the AHC. For d = 2 the AHC has units of conductance (S), and for d = 3 it has units of conductivity (S/cm). The broken inversion symmetry in monolayer MoS 2 induces a nonzero Berry curvature on the Bloch bands (in contrast, the Berry curvature vanishes identically for bilayer and bulk MoS 2 , both of which are centrosymmetric). The Berry curvature is defined in terms of the cell-periodic Bloch states as Monolayer MoS 2 is nonmagnetic, and the presence of time-reversal symmetry implies the relation 8 Ω xy (−k) = −Ω xy (k) .
Thus, equal and opposite amounts of Berry curvature accumulate in the two valleys, resulting in a cancellation of the valley Hall currents and a vanishing AHC. Timereversal symmetry can however be broken by illuminating the sample with circularly-polarized light, leading to a photoinduced AHE. creates a carrier imbalance which in turn removes the exact cancellation between the Hall currents in the two valleys. This so-called valley Hall effect was first discussed for graphene systems with broken inversion symmetry, 3 and later for monolayer MoS 2 . 4 The effect was subsequently measured by Mak at al. in transistors of MoS 2 monolayers.
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Compared to the conventional AHE in ferromagnetic metals, the theoretical modeling of the photoinduced AHE in TMDs poses the additional challenge that the AHC should in principle be calculated for a nonequilibrium photoexcited state, but to our knowledge, such a calculation has not yet been attempted. Instead, an approximate but more tractable approach is often used. 3, 4, 10 The idea is to introduce an auxiliary quantity σ V xy , which we will call the valley Hall conductivity (VHC), defined as the integral of the Berry curvature over a single valley domain in the BZ. For example, the intrinsic VHC of the valley centered at K in Fig. 1 is
and similarly for the valley centered at K . (The demarcation of the two valley domains will be discussed further in Sec. II A. Equation (5) depends on the Fermi level ε F through the occupation factors in Eq. (2) .) The photoinduced AHC σ xy is then approximated by the sum of the VHCs in the two valleys, positing a Fermi-level shift δε between them to mimic the effect of the valley-selective photoexcitation,
When δε = 0 the AHC vanishes, and a nonzero δσ xy appears when δε = 0. This approach, also allows for a direct comparison with model calculations without considering the details of how the carrier imbalance between valleys is generated. This will be the basic approach taken in the present work. We have suppressed the superscript 0 from this last equation to emphasize that it remains valid when the non-intrinsic contributions which we will now discuss are taken into account.
Impurities are always present in real samples, and their extrinsic contributions to the photoinduced AHE in TMDs should be taken into account alongside the intrinsic response described by Eqs. (5) and (6) . This is well known in the context of the AHE in ferromagnetic metals, where historically two types of extrinsic contributions have been considered -side jump and skew scattering. 9 In a simplified picture, the side-jump effect originates in the anomalous velocity that a wave packet may acquire as it moves through an impurity potential, while skew scattering arises from the chiral part of a standard transitionrate expression. With some effort, both contributions can be incorporated into the semiclassical Boltzmanntransport framework.
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The correspondence between the semiclassical treatment of the AHC and a fully quantum-mechanical (Kubo-Streda) calculation based on a perturbative expansion in powers of the disorder strength was carefully worked out in Ref. 12 . It became clear from that analysis that not all terms fall distinctly into either of the above physical interpretations of extrinsic contributions to the AHC, and for many purposes it is more practical to base the distinction on the scaling with impurity concentration.
9 According to this viewpoint skewscattering is defined as the part of the AHC which scales inversely with the impurity concentration, while the part which is independent of the impurity concentration has both intrinsic and side-jump components. Although the intrinsic contribution is sharply defined theoretically in terms of the electronic structure of the pristine crystal by Eq. (3), experimentally it is not known how to separate it from the side-jump part. Note that the anomalous Hall response of pristine samples at low temperatures is dominated by skew-scattering, with the intrinsic contribution only becoming significant in moderately resistive samples (where it competes with side-jump scattering). This analysis, originally developed for the AHC in ferromagnetic metals, carries over to the VHC and photoinduced AHC in TMDs.
It is well established that sulfur vacancies constitute the main source of disorder in MoS 2 .
13-18 The formation energies and thermodynamics of these defects have been thoroughly studied, 19 but their influence on transport and optical properties remains largely unexplored. Modeling the effects of disorder from first-principles is a challenging task in general, but there are noteworthy examples where the AHC in ferromagnetic materials has been calculated using the coherent potential approximation; 20-25 also, an ab initio implementation of the side-jump contribution to the AHC has been carried out assuming scattering centers with delta-function potentials.
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In this work, we develop a computational scheme that allows us to include in a realistic manner the effect of impurities in the calculation of the VHC and of the photoinduced AHE in TMDs. In a first step, we perform several supercell calculations at the desired impurity concentration, corresponding to different realizations of disorder. In order to carry out the calculations efficiently while maintaining first-principles-like accuracy, we con-struct effective Hamiltonians in a Wannier-function basis, starting from density functional theory calculations on smaller cells. 27 Recall that the definition of the VHC in Eq. (5) requires identifying the individual valley domains in the BZ where the Berry curvature is to be integrated. It is not clear a priori how to do so in the context of a supercell calculation, since the electronic states cannot be labeled by wavevectors in the normal BZ of Fig. 1 . In order to overcome this difficulty, in a second step we use a "BZ unfolding" technique 28 to map the results of the supercell calculation onto the normal BZ of the pristine crystal. More precisely, we express the AHC of each disordered supercell configuration as an integral of the supercell Berry curvature over the folded BZ, and then unfold the Berry curvature onto the normal BZ according to the prescription of Ref. 29 . Having done that, the VHC (including the contributions from disorder) can then be obtained by integrating the unfolded Berry curvature over a single valley domain in Fig. 1 , and averaging the result over several realizations of disorder.
We have used the above first-principles-based methodology to study the influence of sulfur vacancies on the VHC of MoS 2 as well as the photoinduced AHC, which is the quantity measured in experiments. The calculated VHC as a function of defect concentration was compared with model calculations where the valence and conduction-band edges in each valley are described by a massive Dirac Hamiltonian with a random distribution of delta-function scatterers.
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The paper is organized as follows. We start Sec. II by reviewing some basic features of the electronic structure of MoS 2 . We then evaluate the intrinsic VHC [Eq. (5)] and photoinduced AHC [Eq. (6) ] for the massive Dirac Hamiltonian without disorder, and carry out the corresponding ab initio calculations for pristine MoS 2 . Our main results are presented in Sec. III, where disorder effects are included in the calculation of the VHC, both for the massive Dirac Hamiltonian and for MoS 2 with sulfur vacancies. The two types of calculations are found to be in reasonable agreement, and we then proceed to calculate the photoinduced AHC for the disordered massive Dirac model as a function of gating voltage and Fermilevel shift, finding good agreement with the experimental measurements. Our conclusions are summarized in Sec. IV, and the appendices present the details of the ab initio calculations, the BZ unfolding method, and the effective-Hamiltonian methodology.
II. PRISTINE MOS2

A. Energy bands and Berry curvature
Ab initio density-functional theory calculations were carried out for monolayer MoS 2 as described in Appendix A 1. The calculated Kohn-Sham energy bands are shown in the upper panel of Fig. 2 , color-coded by the spin component S z orthogonal to the layer. The minimum direct gap is situated at K and K = −K, with a value of ∼ 1.7 eV. Away from the time-reversal-invariant points Γ and M the spin degeneracy is split by the combination of broken inversion symmetry and spin-orbit coupling (the degeneracy is actually protected along the entire Γ-M line by mirror symmetry). The two topmost valence bands exhibit a maximum spin-orbit splitting of ∼ 0.15 eV at K and K , where S z is a good quantum number and Kramers-degenerate partners have opposite spin character:
The lower panel of Fig. 2 shows the Berry curvature summed over the valence bands, Eq. (2). In agreement with Eq. (4), Ω xy is an odd function of k. Its magnitude peaks at the minimum-gap points K and K , where the sign is dictated by the dominant contributions coming from the topmost valence bands. At K those bands are mainly composed of molybdenum d-states with m l = 2; according to the optical selection rules 7 those states can be excited with left-handed polarized light. The Berry curvature has a secondary peak between Γ and K; there, a pair of lower-lying valence bands approaches the topmost ones, and also contributes significantly to the Berry curvature.
It should be noted that because the Berry curvature is induced by the broken spatial inversion, it is not directly related to the spin-orbit splitting evident in Fig. 2 ; in fact, Ω xy is practically unaltered if the spin-orbit interaction is switched off. (This is in sharp contrast to the Berry curvature induced by broken time-reversal symmetry in ferromagnetic metals, which vanishes in the absence of spin-orbit coupling. 8, 9 ) Likewise, the extrinsic scattering contributions do not rely on spin-orbit coupling. Thus one can use a spinless model such as the massive Dirac Hamiltonian of Sec. II B 1 to describe the band edges and valley Berry curvature in MoS 2 ; spin is then accounted for by inserting a factor of two in the calculated Ω xy .
The Hamiltonian of monolayer MoS 2 is invariant under reflection across the vertical planes containing the lines that connect a Mo atom to the neighboring S atoms. The corresponding symmetry elements in reciprocal space are the Γ-M mirror lines. The Berry curvature transforms like a magnetic field in reciprocal space. 8 In particular, the component Ω xy = Ω z is odd under reflection across the Γ-M lines, and hence it vanishes along those lines, which form the boundaries between the two valleys in Fig. 1 . This allows us to uniquely define the intrinsic VHC according to Eq. (5).
B. Intrinsic Valley Hall conductivity
Massive Dirac model
The valence and conduction-band edges of a single valley of MoS 2 and related materials are often modeled by the massive Dirac Hamiltonian. 1, 3, 4 The Hamiltonian for the K valley in Fig. 2 reads 
where k = (k x , k y ) is measured from the valley center K, σ i are the Pauli matrices, and ∆ is the mass parameter.
The energy eigenvalues and Berry curvature are
where
In the case of the K valley Eq. (8) remains unchanged, while Eq. (9) flips sign.
If the Fermi level lies in the conduction band (ε F > ∆), the VHC becomes
The valley and spin degrees of freedom can be included by coupling four copies of this model corresponding to spin and valley degrees of freedom. Referring to the band structure of MoS 2 we find that in the vicinity of the valleys the massive Dirac model provides a good fit if we take ∆ = 0.86 eV. The velocity v is calculated as v 2 = ∆/m * e , where m * e = 0.4m e is the effective mass of the conduction band valley.
For the ungated case where ε F is in the gap, the model gives an intrinsic VHC of e 2 /2h. The deviation from that result measures the contribution from lower lying valence bands and the crystal potential, which gives rise to nonhyperbolic bands away from the top of the valleys. It should be noted though, that a Chern insulating system with an inversion center will retain the exact value σ 0,K xy = e 2 /2h when the crystal potential is included, because symmetry implies Ω(k) = Ω(−k) and the topology implies σ 0 xy = 2σ
2 /h and since each spin channel contributes an equal amount of curvature, this corresponds to 71% of the result for the massive Dirac Hamiltonian.
As discussed in the introduction, measuring the valley Hall effect requires generating a carrier imbalance between the two valleys. Since experimental realizations usually involves a gate, we include an overall Fermi level ε F such that the Fermi level in one valley is ε F and in the other valley it is ε F + δε due to the presence of polarized light. If we assume left-handed polarized light, we can then calculate the photoinduced AHC as a function of δε in the K valley, which will depend on the strength of the optical perturbation in an experimental setup. Combining Eqs. (6) and (10) we obtain for ε F > ∆,
We can also express this quantity in terms of carrier imbalance δn c between the conduction-band edges in the two valleys. For a single valley
so that
For δε ε F we then get
Thus, in this limit the photoinduced AHC becomes linear in both the small energy shift δε and in the small carrier imbalance δn c . An expression similar to this one was derived in Ref.
10, but with the Fermi level in the gap. That expression can be obtained by setting ε F = ∆ in Eq. (14) . As will be shown in Sec. III E, the position of the Fermi level is minuscule for the intrinsic as well as the sidejump contributions, but can have a large effect on the skew scattering contribution, which becomes dominant for clean samples.
First-principles calculations
In Fig. 3 (14) for the massive Dirac model with the parameters given in the text, and the blue dotted line was obtained by evaluating Eqs. (5) and (6) from first-principles.
the topmost valence band and the conduction band.
4,10
The ab initio calculations are seen to agree very well with the model results at the bottom of the valley. When the energy shift approaches ∼ 0.1 eV the secondary valley located between Γ and K starts to contribute, and the model results become unreliable.
The measurements of the valley Hall effect reported in Ref. 10 involved photoexcitation of states in a single valley. In that work, the carrier density was estimated from photoconductivity measurements, and the photoinduced AHC was displayed as a function of carrier density. The typical density of photoexcited carriers reported in Ref. 10 is of the order of 10 −11 cm −2 , which corresponds to an energy shift δε ∼ 1 meV; this is far below the point where the linear model (14) breaks down.
III. DISORDERED MOS2
Experimental as well as theoretical studies has recently demonstrated that sulfur vacancies are the dominant source of disorder in MoS 2 . [13] [14] [15] [16] [17] [18] In the following we will thus exclusively focus on the sulfur vacancies and calculate how they affect the VHC. The results will be analyzed in terms of an impurity averaged unfolded Berry curvature, which will be defined below. However, before we delve into the ab initio calculations we will briefly review the theoretical results for the AHC in a massive Dirac model with impurity scattering.
A. Massive Dirac model
To obtain a model result for the VHC of disordered MoS 2 , we use the extrinsic contribution to the AHC of the massive Dirac Hamiltonian (7), which has been calculated in the limit of weak and dilute scattering. 12 The impurity potential for a given configuration is V (r) = i V i δ(r − R i ), where R i are impurity sites. The result for the intrinsic (0), side jump (SJ) and skew scattering (SS) contributions to the VHC of the K valley is then
Equation (15) is just Eq. (10) recast in a different form.
As mentioned in the Introduction, scattering contributions which are independent of the impurity concentration x are classified as side-jump, and those which scale inversely with x are classified as skew-scattering. In particular, the second term in Eq. (16) originates from a fourth-order expansion of the scattering rate, and could thus be regarded as a skew-scattering contribution. Furthermore, the side-jump contribution contains contributions that cannot directly by ascribed to a coordinate shift.
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In Fig. 4 we show the VHC as a function of impurity concentration at different Fermi level shifts calculated within the model with ∆ = 0.86 eV and V The VHC converges to the side jump at large impurity concentrations, but one should keep in mind that the model results are derived under the assumption of dilute disorder and weak scattering. The side jump correction to the intrinsic part becomes larger for higher density of states at the Fermi level and is neglectable at very low carrier concentrations. Furthermore, at low carrier concentrations, the skew scattering only becomes significant at very low impurity concentrations. It thus appears that for low carrier concentrations, the intrinsic contribution gives a good account of the AHC -even at rather low impurity concentrations. the VHC. However, if we would like to know how a given distribution of impurities affects the VHC, this picture immediately breaks down since the pristine Brillouin zone is no longer relevant due to broken translational symmetry. On the other hand, if a given impurity distribution is represented in a supercell, the VHC will still be given as a k-space integral of the Berry curvature, but now the domain will be the Brillouin zone corresponding to the supercell (SBZ), which is not directly comparable to the normal Brillouin zone (NBZ). Nevertheless, we can expand the supercell states in terms of states in the pristine system and thus unfold the supercell curvature to the pristine Brillouin zone. For a general band quantity a N (K) defined in SBZ we can thus define the unfolded quantity a
where K is the SBZ crystal momentum, which is related to k by translation of a supercell reciprocal lattice vector. Brillouin zone integrals can be written in terms of the unfolded function since
where a complete set of NBZ states were inserted in the second line and it was used that N K|nk is only nonvanishing if k downfolds to K. The method of unfolding k-space quantities has previously been applied to band structures of disordered systems 27, 28 and more recently to unfolding the Berry curvature. 29 In the case of band structures the object of interest is the spectral function
The Berry curvature is somewhat more complicated since, a naive application of Eq. (18) leading to
becomes gauge dependent. In Ref. 29 Eq. (21) it was shown h how to generalize Eq. (18) to obtain an explicitly gauge invariant quantity. In the present work we have applied the gauge invariant expression for all calculations.
C. Sampling impurity configurations
In Fig. 5 we show the unfolded spectral function and Berry curvature of a periodic structure obtained as 3 × 3 MoS 2 unit cell with a single sulfur vacancy. The vacancy is seen to introduce both occupied and unoccupied states in the gap, but the Berry curvature is largely unaffected by such rather localized states. This system is a example of a x = 1/18 = 0.56 impurity concentration, but is not necessarily representative of this disorder concentration in general. As it turns out the Berry curvature is largely insensitive to the impurity configuration as long as the Fermi level is in the gap. However, the situation changes dramatically when the Fermi level is shifted to the conduction band. This situation is shown in Fig. 6 10 Furthermore, exfoliated MoS 2 usually exhibits an intrinsic n-doping, which is attributed to Re impurities. 19 For these reasons, we have chosen to pin the Fermi level to the conduction band in the following. This will facilitate the comparison with experiments as well as model calculations.
In order to perform a faithful calculation of the conductivity at a given impurity concentration, one then has to average over a large number of impurity configurations. Such a procedure requires a high number of simulations in large unit cells and is not feasible with standard ab initio methods. To proceed we construct an effective Hamiltonian based on ab initio DFT calculations and Wannier functions. Given an impurity concentration, we thus randomly generate an impurity configuration and construct the corresponding Hamiltonian as described in Appendix B. For a given vacancy concentration, we perform calculations for ∼ 1000 systems with randomly drawn impurity configurations in a 6 × 12 supercell. The smallest impurity concentration considered was x = 1/216, where we needed a larger supercell of 12 × 18. As a first check of the method, we calculate the optical conductivity of MoS 2 at various S vacancy concentrations. The results are shown in Fig. 7 and as expected the impurities simply introduce a broadening of the spectra. We should note that the Wannier functions used to construct the tight-binding Hamiltonian was obtained by disentangling bands up to 3.0 eV above the conduction band minimum and the present calculation is thus only expected to be reliable up to 3.0 eV above the pristine absorption edge.
D. Valley Hall conductivity
The lowest impurity concentration we have considered is x = 0.005. Here the configurational averaged unfolded Berry curvature becomes very spiky and is not particularly informative. In Fig. 8 we show the configurational averaged unfolded Berry curvature for 4 different intermediate impurity configurations for ε F − ∆ = 0.24 and ε F − ∆ = 0.24. In general we observe that the peaks in the Berry curvature becomes enhanced and broadened, while the curvature retains its qualitative features. This tendency is maintained over a range of impurity concentrations (x = 0.02 -x = 0.1) and gives rise to a impurity independent increase in VHC. We will identify this with the side jump corrected VHC and the Berry curvatures in Fig. 8 thus comprises a measure of the k-space resolved side jump scattering. From the unfolded spectral function it is clear that the sulfur vacancies has the effect of lowering the overall potential, such that the conduction bands are lowered with respect to the fixed Fermi level at high impurity concentrations. However, for intermediate dopings the exact position of the Fermi level does not have a large effect on the VHC. In fact, raising the Fermi level with respect to the conduction band tends to lower the VHC, since more curvature from the conduction band will be included and this has the opposite sign of the dominating contribution from the valence bands. At larger impurity concentrations (x = 0.125) the Berry curvature becomes more "smeared" and will eventually average to zero. At this point the system is so strongly perturbed that it cannot be analyzed in terms of scattering events.
In Fig. 9 we show the VHC as a function of impurity concentration at different Fermi level shifts. At low im- purity concentrations we observe a divergent behavior of the VHC. Comparing with Eqs. (15)- (16) we identify this with skew scattering processes. In terms of the unfolded curvature, this is the "spiky" regime, where the averaged curvature largely looses the qualitative features of the pristine system. We note that as the impurity concentration x is decreased, it becomes progressively harder to converge the results. This is due to the fact that the standard deviation for a given supercell size increases when x becomes small, while at the same time we need very large supercells in order to perform calculations for small x.
At intermediate impurity concentrations the VHC reaches a flattened plateau, which we identify as the side jump regime. In this regime skew scattering is insignificant and the pristine result receives a small correction which is nearly independent of impurity concentration. Comparing with Fig. 4 , we see that there is good qualitative agreement between the model and the ab initio results. A major difference is the fact that the ab initio VHC decreases at high impurity concentrations, whereas the model converges towards the side jump result. The reason is that the model results were derived under the assumption of dilute impurity concentration, and cannot be applied in this regime. Moreover, at large Fermi level shifts the deviations from the Dirac model begins to be important. In the present system the most important effect is the contribution from the secondary conduction band minimum between Γ and K.
When the Fermi level comes close to the conduction band minimum, two crucial features can be observed from Figs. 4 and 9. First, the side jump correction becomes small such that the intrinsic VHC becomes a good estimate at intermediate impurity concentrations. Second, the critical impurity concentrations, where skew scattering starts to dominate, becomes rather small. For ε F − ε c = 0.04 this concentration is x ∼ 0.005 and will be even smaller when the Fermi level moves closer to the band edge.
E. Photoinduced anomalous Hall conductivity
As mentioned previously, the experimentally measured quantity is the photoinduced AHC, which we express as the sum of the two VHCs. For small carrier imbalance this will be δσ xy (ε F , δε) = dσ V H (ε)/dε| ε=ε F δε, where δε is the shift in Fermi level corresponding to the charge imbalance. A first principles evaluation of this expression including impurities is made difficult by the fluctuations involved in the configurational averaging procedure. However, the good agreement between the ab initio calculations of the VHC (Fig. 9) with the massive Dirac model (Fig. 4) , suggests that we can obtain a reliable estimate of the photoinduced AHC from the Dirac model. For the skew scattering contribution we take V Fig. 4 . Note that this value, and in particular the sign, is a non-trivial ab initio result obtained from the VHC calculations.
In Fig. 10 we show the photoinduced AHC calculated from Eqs. (15)- (17) except that the sign has been changed. This was already noted in Ref. 10 For the VHC, the side jump only contributes a minor part to the scattering independent VHC. However, for the derivative, which is the relevant quantity for the photoinduced AHC, the side jump plays a dominant role. At small impurity concentrations, the skew scattering contribution will dominate. The skew scattering part of the VHC scales as 1/x and so does its contribution to the photoinduced AHC. Interestingly, the skew scattering contribution also has significant dependence on the position of the Fermi level and could explain the large dependence on gate voltage observed experimentally.
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IV. CONCLUSIONS
A priori it is not clear that the intrinsic VHC provides a good descriptor for the VHC in a MoS 2 transistor setup, since the Hall conductivity is expected to diverge in the clean limit as a consequence of skew scattering. 10 Here we have used first principles calculations to investigate the effect of sulfur vacancies at different impurity concentrations. The influence of disorder was analyzed in k-space in terms of the unfolded Berry curvature and we have shown that the side jump regime appears as a concentration independent enhancement of the Berry curvature. The skew scattering introduces divergences in the Berry curvature and the unfolded Berry curvature becomes spiky and irrelevant. Nevertheless, we were able to converge the VHC calculations in the skew scattering regime, and recover the expected divergent behavior. The ab initio calculations show qualitative agreement with model calculations based on a massive Dirac Hamiltonian and allow us to extract a non-trivial value of the skew scattering potential V The calculations allow us to estimate a critical impurity concentration x where skew scattering starts to dominate. For ε F = 40 meV (with respect to the conduction band minimum) we find that x ∼ 0.005 and below this point the intrinsic VHC becomes a poor descriptor.
A comparison with experiments 10 indicates that indeed, the intrinsic VHC cannot be applied as a descriptor for the photoinduced valley Hall conductivity. As previously noted, the side jump contribution changes the sign of photoinduced AHC and we have shown that the skew scattering contribution is a likely explanation for the large gate dependence observed experimentally.
10 However, a reliable estimate of the skew scattering contribution requires knowledge of the impurity concentrations in the samples investigated, which is not presently available. It would be very interesting to perform measurements of the photoinduced AHC on MoS 2 samples with different impurity concentrations in order to unravel the roles played by side jump and skew scattering.
We have implicitly assumed a low temperature regime and therefore not discussed the effect of phonons. The effect of phonons on the longitudinal mobility in MoS 2 has been analyzed thoroughly, 32 but the influence on the transverse conductivity has so far not been considered. Furthermore, monolayer MoS 2 have been shown to exhibit strong excitonic effects 33, 34 due to poor screening in two-dimensional materials. The charge imbalance utilized in the experimental realization originates from optically generated electron-hole pairs, and if the Fermi level is close to the conduction band edge these effects could potentially severely limit the carrier mobility. We will leave these issues for future studies. The calculations in the present work was performed with the tight binding method using parameters obtained from ab initio density functional calculations and projected Wannier functions.
Ab initio calculations and construction of Wannier orbitals
The ab initio density functional theory calculations were performed with the pwscf code from the Quantum Espresso package, 35 using the PBE functional. Normconserving pseudopotentials were used, and the calculations were carried out with a planewave cutoff of 100 Ry. The lattice parameter of MoS 2 was set to the experimental lattice constant of 3.16Å, and 12Å was used to separate the periodically-repeated images. All calculations were performed in a non-collinear spin framework, with fully relativistic pseudopotentials.
After converging the Kohn-Sham electronic structure, the valence and low-lying conduction Bloch bands were converted into projected Wannier functions using the Wannier90 code package. 36 For MoS 2 the projected Wannier orbitals were constructed using sulfur p states and Mo d states. The sulfur s states were included in the ab initio calculations, but the low lying s-like Bloch bands were excluded from the wannierization. Unoccupied states were included by disentangling 37 bands up to 3.0 eV above the conduction band minimum. Finally the Wannier functions were used to construct the Kohn-Sham Hamiltonian in a tight-binding basis H ij (R), where i, j denotes orbital indices within the unit cell and R is a lattice vector. The set of lattice vectors included were defined by the Wigner-Seitz cell corresponding to the applied ab initio k-point mesh. For example, in pristine MoS 2 with a 8 × 8 k-point mesh, we have 22 orbitals (Mo d and S p) and 64 lattice vectors (some of which are equivalent).
Tight-binding calculations
The majority of calculations in present work are tightbinding calculations with parameters obtained from a Wannier representation of the Kohn-Sham Hamiltonian H ij (R). In a tight-binding framework, the calculation of band structures from H ij (R) is of course equivalent to the standard Wannier interpolation. 37 At the sampled set of k-points, H ij (R) will thus yield the calculated Kohn-Sham eigenvalues and between the sampled points it smoothly interpolates. Similarly, a rigorous Wannier interpolation scheme can be constructed for the AHC, 38 but this quantity cannot be calculated exactly in a bare tight-binding framework since the information contained in H ij (R) is not enough to evaluate the Berry curvature.
To see this explicitly we will briefly state the relevant expressions below. The starting point is the Berry curvature in its spectral representation where it can be written
with ∇ α ≡ ∂/∂k α . We let ϕ i denote at set of localized orbitals and expand the Bloch states as
where t i = φ i0 |r|φ i0 . Note that the inclusion of t i is purely a matter of convention. However, the present convention will prove highly convenient below. Matrix elements of the Bloch Hamiltonian and their gradients can now be written as
and in terms of these, the matrix elements appearing in Eq. (A1) becomes
In the present work we have made the diagonal approximation where r ijR = δ R0 δ ij t i and we thus use
With this approximation, the problem can be mapped exactly to a tightbinding calculation with parameters obtained from the Kohn-Sham Hamiltonian in a basis of Wannier functions. This turns out to be an excellent approximation. The Berry curvature calculated with this method cannot be distinguished with the naked eye from ab initio calculations (obtained by Wannier interpolation) and anomalous Hall conductivities calculated within the diagonal approximation differ from ab initio results by less than 2%.
Mapping the supercell onto the normal cell
Unfolding band structures and curvatures involve the calculation of matrix elements between pristine and supercell systems. A localized basis set allow us to perform the unfolding without direct reference to the pristine system. 28 We denote pristine band, orbital indices, and crystal momentum by n, i, k respectively and supercell band, orbital, and crystal momentum indices by N, I, K respectively. For the present purpose we will use r for pristine lattice vectors and R for supercell lattice vectors. We can thus consider the matrix element
Following Ku et al. 28 we introduce a map that uniquely identifies orbitals in the supercell with corresponding orbitals in the pristine system. The map thus takes I → r (I), i (I) and we have
The matrix element can then be written as
where [k] is the set of crystal momenta that downfolds to K. The idea of a map allows one to only work with the supercell system and avoid the explicit calculation of overlap matrices. However, the procedure does require that the supercell system considered is somewhat similar to the pristine reference system and becomes ill-defined if there is not a unique way of relating orbitals in the two systems. Furthermore, it is important to construct the tight-binding Hamiltonian from projected Wannier functions as opposed to maximally localized Wannier functions, since the latter may differ significantly in otherwise similar systems. In Figs. 5 and 6 we showed examples of the band structures and Berry curvature of MoS 2 in a 3 × 3 unit cell with a single sulfur vacancy, unfolded onto the normal BZ.
Appendix B: Effective Hamiltonians
Here we briefly summarize the construction of effective Hamiltonians as proposed in Ref. 27 . In a tight binding framework, the effective Hamiltonian with N impurities is constructed as 
where H Imp i,j (r 1 , r 2 ) is constructed with a map from the impurity to the normal cell. Since this is expressed in a basis of normal cell lattice vectors H Imp and therefore H is not periodic in simultaneous translations of r 1 and r 2 . We have used the partition function of Liu and For applications of the method we have performed ab initio calculations of the pristine and impurity systems and constructed H imp and H 0 using projected Wannier functions. H SC is then constructed as a straightforward repetition of H 0 . As a non-trivial test of the method we have performed an ab initio calculation of a 3 × 3 unit cell of MoS 2 and with sulfur vacancies at two next-nearest neighbor sites. We have then constructed the same system with from the effective Hamiltonian: first we construct obtain the tight binding model of a 3 × 3 unit cell of MoS 2 by repeating the tight-binding Hamiltonian obtained from a calculations of pristine MoS 2 (normal unit cell). We have then constructed the influence Hamiltonian (B2) from the pristine calculation and a calculation of MoS 2 in a 3 × 3 unit cell with a single sulfur vacancy. The influence Hamiltonian is then added to the 3 × 3 tightbinding Hamiltonian at the two nearest neighbor sites to obtain the effective Hamiltonian of a system with two impurities. The unfolded bands and curvature of ab initio and effective Hamiltonian calculations are shown in Fig. 11 . The unfolded spectral function is nearly indistinguishable in the two case. However, the unfolded Berry curvature is highly sensitive to the exact positions of bands near avoided crossings and therefore exhibits larger deviations in the two methods. Nevertheless, the Berry curvature obtained from the effective Hamiltonian reproduces the main qualitative features (for example a vanishing contribution in the vicinity of K and −K) and we believe that the configurational averaged Berry curvature obtained from the effective Hamiltonian methods
